Published by Institute of Physics Publishing for SISSA/ISAS Received: April 18, 2002 Accepted: June 23, 2002

TeV scale 5D SU(3)_W unification and the fixed point anomaly cancellation with chiral split multiplets

Hyung Do Kim

School of Physics, Korea Institute for Advanced Study Cheongryangri-Dong, Dongdaemun-Ku Seoul 135-012, Korea E-mail: hdkim@kias.re.kr

Jihn E. Kim and Hyun Min Lee

School of Physics and Center for Theoretical Physics Seoul National University, Seoul 151-747, Korea E-mail: jekim@phyp.snu.ac.kr, minlee@phya.snu.ac.kr

Abstract: A possibility of 5D gauge unification of SU(2)_L ×U(1)_Y in SU(3)_W is examined. The orbifold compactification allows fixed points where SU(2)_L × U(1)_Y representations can be assigned. We present a few possibilities which give long proton lifetime, top-bottom mass hierarchy from geometry, and reasonable neutrino masses. In general, these chiral models can lead to fixed point anomalies. We can show easily, due to the simplicity of the model, that these anomalies are cancelled by the relevant Chern-Simons terms for all the models we consider. It is also shown that the fixed point U(1)-graviton-graviton anomaly cancels without the help from the Chern-Simons term. Hence, we conjecture that the fixed point anomalies can be cancelled if the effective 4D theory is made anomaly free by locating chiral fermions at the fixed points.

Keywords: Field Theories in Higher Dimensions, Discrete and Finite Symmetries, Anomalies in Field and String Theories, GUT.

© SISSA/ISAS 2002 http://jhep.sissa.it/archive/papers/jhep062002048 /jhep062002048 .pdf

Contents

1. Introduction 1

2. Models 3

3. Proton decay 8

4. Neutrino mass 9

5. Fixed point anomaly cancellation 9 5.1 Non-abelian anomaly from bulk matters: unbroken case 11 5.2 Non-abelian anomaly cancellation with Scherk-Schwarz breaking of gauge symmetry 11 5.2.1 Bulk fermion contribution 11 5.2.2 Chern-Simons contribution 12 5.2.3 Bulk fermion, Chern-Simons term, and brane fermion contributions 12 5.3 U(1) gauge boson-graviton-graviton anomaly cancellation 12 5.4 SU(5) 13 5.5 SU(3)_W 14

6. Conclusion 15

1. Introduction

It is believed that the supersymmetric extension of the standard model predicts a unification of gauge coupling constants with the desert hypothesis. In the minimal supersymmetric standard model (MSSM) three gauge couplings meet within the experimental error bound at M_{GUT} = 2 × 10^{16} GeV with a TeV supersymmetry breaking scale [1, 2]. This scenario involves large logarithms necessary to make the observed α_3 large and sin^2 θ_W ≃ 0.231 at M_Z starting from the universal coupling at high energy, around α_{3,2,1} ≃ 1/25 and sin^2 θ^0_W = 3/8. The wide desert is unavoidable in this scenario and introduces the gauge hierarchy problem [3].

There are other proposals for the solution of the gauge hierarchy problem. The recent effort with the low energy (TeV scale) fundamental scale with extra dimensions tries to solve it simply by abolishing the large hierarchy [4]. If, the fundamental scale is indeed TeV scale, the TeV scale quantum gravity can occur, which is very interesting by itself. Then the conventional supersymmetric grand unified theory (SUSY GUT) should be modified in this framework. Running of gauge couplings in the extra dimensional model is different from the four-dimensional one [5] and reflects several interesting features. With the extra dimension(s), the compactification down to four-dimensional space-time(4D) is a necessity. Starting with odd space-time dimensions, there does not arise the gauge anomaly

– 1 – problem simply because the spinor representations are real. However, the compactification procedure produce complex fermions. Without some twist of the internal space as in the simple torus compactification, the Kaluza-Klein (KK) levels are left-right symmetric, i.e. the fermion representation is vectorlike and there are no massless fermions in the low energy 4D theory. Thus, to have chiral fermions, we should twist the internal space [6, 7]. If the torus is modded out by a discrete group Z_N , then there appear some fixed points. The level matching in the bulk is shifted and the fermions in the bulk need not be vectorlike as in the models studied in refs. [8, 9, 10]. Then, there should be chiral fermions at the fixed points so that there is no anomaly in the effective 4D theory. However, there can be fixed point anomalies [8]. We try to investigate the possibility of TeV scale unification of gauge coupling constants along this line.

Note that the SU(5) unification starts from a large sin^2 θ^0_W at the unification scale, which needed a wide desert. For a TeV scale unificationin, i.e. in models without desert, therefore, the bare sin^2 θ^0_W = 1/[1+C^2] must be close to 0.231, where C^2 defines a properly normalized U(1)_Y hypercharge. In SU(5), C^2 = 5/3 and sin^2 θ^0_W = 3/8. If C^2 = 3, then sin^2 θ^0_W = 1/4 which can allow TeV scale unification. This U(1)_Y normalization occurs if SU(2)_L ×U(1)_Y is unified in SU(3)_W with the simplest embedding of 2_{1/2} of SU(2)_L ×U(1) into 3 of SU(3)_W [11]. Though leptons and Higgs can be nicely embedded into SU(3)_W , we encounter a difficulty of explaining “fractional” hypercharges of quarks (in the unit of 1/2). Suppose L = (ν, e) and e^c belong to 3 of SU(3)_W . The hypercharges of L and e^c are normalized to −1/2 and 1, respectively, and satisfies Tr Y = 0 for the 3 of SU(3)_W . If Q = (u, d) and d^c come from 3 of SU(3)_W , then Y_Q = 1/6 and Y_dc = 1/3 need an extra U(1) group beyond SU(3)_W , in conflict with our motivation for predicting the weak mixing angle from a unified theory.

Recently five-dimensional(5D) models for gauge coupling unification showed that incomplete multiplets can be consistently introduced at the fixed point (SM fixed point) where only part of the gauge symmetry survives after the orbifold breaking of the gauge symmetry. Though non-universal gauge kinetic terms are introduced in this case, the uncertainty coming from them at the fixed point is suppressed by the large volume factor compared to the universal kinetic term in the bulk. Therefore, we obtain a reasonable unification relation for the low energy gauge coupling constants as long as the volume of the extra dimension is large enough. From the minimally deconstructed point of view, this model can be interpreted as gauge group G_{GUT} × G_{SM High} where G_{GUT} is the bulk gauge group and G_{SM High} is the gauge group at the concerned fixed point. Largeness of extra dimension is interpreted as the strong coupling of G_{SM} since low energy gauge coupling after the breaking of the gauge group to its diagonal G_{SM} = diag(G_{GUT} ⊕ G_{SM High}) is given by 1 g^2_i = 1 g^2_{GUT} + 1 g^2_{SM High,i}

(1.1)

for the factor group G_i of G_{SM}. Thus in this setup, the difficulty of obtaining correct Y_Q can be easily avoided once we assume that the quark multiplets live at the SM fixed point. Recently there appeared series of papers allowing TeV scale unification of the electroweak sector into SU(3)_W [12]–[16].

– 2 –

Now it would be meaningful to search for the possibility of unification in various setups even though there are uncertainties due to the absence of exact spectrum of Higgs and/or superpartners.

It was shown that two gauge coupings meet if the inverse of the extra dimension size is 1–2 TeV for the SM matters (with one Higgs doublet). For supersymmetric case, the size of the extra dimension is given by 3 TeV to 6 TeV [14], and strong coupling scale in which two couplings meet is two orders higher and is about a few hundred TeV. The supersymmetric model in [14] has two Higgses in the bulk and matter multiplets on the fixed point. SUSY breaking scale is assumed to vary from M_Z to 1 TeV and the result is quite sensitive to the spectrum of superpartners. However, putting the matter fields in the bulk or at the fixed points is in a sense arbitrary.

The arbitrariness of putting the matter fields is a bit regulated if we adopt a “naturalness” scheme: if a GUT group is broken at a fixed point, then put a multiplet at that fixed point allowed by the representation of the fixed point gauge group [17]. This was known in string orbifold compactifications [18]. Mainly the fixed point gauge group determines the configuration of the model. One such example was given in ref. [10] in which the SU(5) gauge fields propagates in the bulk. The minimal setup for Higgs is to put H_d in the bulk. The orbifold compactification leads to a chiral fermion in the bulk. So with this representation the effective 4D theory is anomalous. One can introduce H_u also in the bulk. Then the theory is vectorlike and there is no anomaly problem [19]. We call this vectorlike models. On the other hand we can put H_u at the fixed point A. The fixed point A has the gauge symmetry G_{SM} ≡ SU(3) × SU(2) × U(1) and G_{SM} representations are allowed at the asymmetric fixed point A: some chiral fermions and H_u. This kind of asymmetric embedding of chiral fermions are called chiral models.

Similarly with the spirit of ref. [10], we study the SU(3)_W models along this line in this paper. In section 2, we present possible SU(3)_W models and calculate the running of the gauge coupling constants. In section 3 the proton decay problem is addressed and solved by putting leptons at the symmetric fixed point O and quarks at the asymmetric fixed point A. In section 4 the neutrino masses are discussed. In section 5 we show that fermionic anomalies at the fixed points are cured by the Chern-Simons term in the bulk in these asymmetric models. Section 6 is a conclusion.

2. Models

The natural assignment of the representations at the fixed points allows only the representations of the fixed point gauge group, but not necessarily the full representation of the unbroken gauge group. We define the minimal model in which the fermion representation is put at the fixed point where the gauge group is maximum. Let us consider 5D SU(3)_W models.

In the bulk, the gauge fields propagate. In the S_1/Z_2 × Z^′_2 compactification with the Sherk-Schwarz mechanism, there appear two fixed points

O_{GUT} : y = 0 , A : y = π 2 R ,

– 3 – where O is the symmetric fixed point where SU(3)_W is not broken, and A is the asymmetric fixed point where SU(3) is broken down to SU(2)_L × U(1)_Y . Let us put fermions at the fixed points in the minimal scheme. The leptons L and e^c can form an SU(3)_W triplet 3, and hence we put it at the symmetric fixed point O. On the other hand, Q, u^c and d^c cannot form SU(3)_W representations. So they must be put at the asymmetric fixed point A. The Higgs doublet H_d(Y = −1/2) or H_u(Y = 1/2) can be assigned into 3_H or ¯3_H of SU(3)_W . Hence, if the vacuum expectation value of 3_H gives mass to electron, it must be put where SU(3)_W is a good symmetry, i.e. in the bulk or at O. If this 3_H also gives mass to quark(s), then it must be put in the bulk. Since it is more economic to have less Higgs fields, the minimal model dictates to put 3_H in the bulk. On the other hand, we put the Higgs doublet H_u at the asymmetric fixed point A.

This minimal setup has several merits. First, rapid proton decay can be avoided if the size of the extra dimension is slightly bigger than the fundamental length since quarks and leptons are located at the opposite fixed points and the locality of the extra dimension prevents the contact term giving rapid proton decay. Second, it gives a geometric explanation of b − t mass ratio [10].

With supersymmetry, there is another possibility for the fixed point gauge symmetry a la the Sherk-Schwarz mechanism as discussed in [14, section 4]. When we compactify 5D on an S^1/(Z_2 × Z^′_2), Z_2 and Z^′_2 turn out to be equivalent to one orbifolding Z for y → −y and one twist T for y → y + πR. So we conveniently write the boundary conditions of the gauge field A_M = (A_μ, A_5) (μ = 0, 1, 2, 3) in terms of Z and T :

A_μ(y) = ZA_μ(−y)Z^{−1} = T A_μ(y + πR)T^{−1} , A_5(y) = −ZA_5(−y)Z^{−1} = T A_5(y + πR)T^{−1} , (2.1)

where Z, T and A_M = A^a_M T^a are represented by 3 × 3 matrices. Then there are two independent choices for Z, T for breaking SU(3)_W into SU(2)_L × U(1)_Y ,

Type I : (Z, T ) = (diag(1, 1, 1), diag(1, 1, −1)) , Type II : (Z, T ) = (diag(1, 1, −1), diag(1, 1, −1)) .

For the former case, the SU(3)_W symmetry breaks into SU(2)_L × U(1)_Y only at the fixed point A while it is fully conserved at the fixed point O. On the other hand, for the latter case, the SU(3)_W symmetry is broken into SU(2)_L × U(1)_Y at both fixed points. However, for type-II, there also appears a massless adjoint scalar of SU(2)_L × U(1)_Y , which nonetheless gets a radiative mass of the order of the compactification scale.

Furthermore, when we introduce a Higgs triplet 3_H = (H_D, H_S ) including a doublet with Y = −1/2 and a singlet with Y = 1 in the bulk, only the Higgs doublet remains massless by the boundary conditions with the same (Z, T ) as for the gauge field:

3_H (y) = Z3_H (−y) = T 3_H (y + πR) . (2.2)

But, for type-I, when the lepton triplet resides at the fixed point O where SU(3)_W is fully operative, it is impossible to have realistic charged lepton masses with a Higgs triplet via

– 4 –

Figure 1: The asymmetric point A preserves only the SM gauge group. On the other hand, the symmetric point O can (a) preserve SU(3)_W , or preserve only(b) the SM gauge group, which are explicitly shown as O_{GUT} and O_{SM}, respectively. In this paper, we consider only O_{GUT}.

3_ℓ3_ℓ3_H . Thus, in that case, we instead should introduce a Higgs sextet ¯6_H = (H_D, H_T , H_S ) including a doublet with Y = −1/2, a triplet with Y = 1 and a singlet with Y = −2 satisfying the boundary conditions as

¯6_H (y) = Z¯6_H (−y)Z^{−1} = T ¯6_H (y + πR)T^{−1} . (2.3)

The fixed point O also breaks SU(3)_W down to SU(2)_L ×U(1)_Y . We call it O_{SM} in this case.

We distinguish these two cases by

Type I : O_{GUT} and A , Type II : O_{SM} and A . (2.4)

Even in type-II models, quarks should be put at A since quarks can not fit to the hypercharges of the triplet. Leptons form 3 of SU(3)_W and can be located at O. The schematic behavior of the symmetries at O is shown in figure 1.

In any case, the minimal model with supersymmetry dictates to put the fields as follows,

O(y = 0) : L, e^c ,

B(ulk) : A_M , H_d , (with supersymmetry) , A ( y = π 2 R ) : Q, u^c, d^c, H_u . (2.5)

For non-supersymmetric case, one Higgs is enough for the generation of masses in its minimal form and two Higgs doublet (2HD) model involves second Higgs. However, for supersymmetric case, two Higgses are necessary but the necessary positions are different. At O, we need H_d to give masses to charged leptons. At A, we need H_u and H_d to give masses to up-type and down-type quarks. From this, we can conclude that H_u is necessary at A and H_d is necessary at O and A. Therefore, the minimal setup is to have H_u at A and H_d in the bulk.

– 5 –

In this paper, therefore, we study following models,

Model A: Scherk-Schwarz gauge symmetry breaking without supersymmetry We consider type-I with O_{GUT} and A for non-supersymmetric cases. First, one Higgs model (A-1) is summarized which has been studied already. Two Higgs doublet Standard Model is realized in 5D as a vectorlike model (A-2v) and a chiral model (A-2c).

Model B: Scherk-Schwarz gauge symmetry breaking with supersymmetry At the scale 1/R, the gauge symmetry is broken but N = 1 supersymmetry is unbroken.^1 Supersymmetry requires two Higgs doublets. We review vectorlike realization (B-v) and chiral realization (B-c) of MSSM in 5D. In general, the bulk supersymmetry with eight supercharges restricts possible interactions of the theory and the model is highly predictive except the Fayet-Iliopoulos(FI) term allowed at the fixed points. The FI term is

L_{F I} = ξ_1Dδ(y) + ξ_2Dδ ( y − πR 2 ) . (2.6)

If N = 1 is unbroken, the integrated FI term ((ξ_1 + ξ_2)D) does not get any radiative correction for U(1)_Y since the FI term is generated only for anomalous U(1)’s. Therefore, ξ_1 + ξ_2 = 0 is a stable setup from the naturalness argument. For type-I, there is no U(1) at O_{GUT} and ξ_1 = 0. Therefore, combining two facts (unbroken non-abelian gauge group at one fixed point O_{GUT} and 4D N = 1 supersymmetry) tells us that the absence of FI term at A (ξ_2 = 0) is stable against radiative corrections. This is one of the merits which allow the analysis simple. For type-II, quadratically divergent FI terms are generated at both fixed points with opposite sign and this makes the configuration complicated and unpredictable^2 Though the physics related to the Fayet-Iliopoulos term is interesting by itself, it goes beyond the scope of this paper and we consider only type-I in the paper.

Model C: Scherk-Schwarz breaking of both gauge symmetry and supersymmetry Here, the compactification breaks gauge symmetry and supersymmetry at the same time. If supersymmetry is also broken by Scherk-Schwarz mechanism, the Fayet-Iliopoulos term is generated at A even for type-I since the supersymmetric condition ξ_1 + ξ_2 = 0 for one-loop correction disappears and ξ_1 = 0 cannot determine the stable value for ξ_2. This makes the analysis much more complicated and we do not consider Model C in this paper.

Running of gauge couplings is given by [22] 1 g^2(M_Z ) = 1 g^2_3 − b_g 8π^2 log M_c′ M_Z − b̃_g 8π^2 log M_s M_c′ , 1 g^{′ 2}(M_Z ) = 1 g^2_3 − b_g′ 8π^2 log M_c′ M_Z − b̃_{g′} 8π^2 log M_s M_c′ . 1Supersymmetry is assumed to be broken at MZ or 1 TeV at one fixed point and gaugino mediates supersymmetry breaking to the opposite (or SM) fixed point. If leptons are at the fixed point w here supersymmetry is broken, flavor changing neutral currects are induced generally. Thus, phenomenologically, all the SM matter fields are required to be at A if supersymmetry is broken at O.

2Localization of bulk fields by the VEV of (parity-odd) adjoint chiral fields [20] and correction to the gauge coupling running through Chern-Simons term [21] are two major effects of FI terms.

– 6 –

Here we neglect non-universal brane gauge kinetic terms by the strong coupling assumption and the (moderate) largeness of the extra dimension. Strong coupling behavior of 5-D gauge coupling fixes the ratio M_s/M_c′ to be O(100) (100 or 16π^3 ∼ 500).

It is convenient for later uses to define the relevant combination of the beta functions in determining the unification scale. B = b_g − b_g′ 3 , B̃ = b̃_g − b̃_{g′} 3 . Model A-1: standard model (SM) with one Higgs doublet. The beta functions below the compactification scale are b_g = 19/6, b_g′ = −41/6 and B = 49/9. Above the compactification scale, the beta functions are modified: b̃_g = −1/4, b̃_g′ = −27/4 and B̃ = 2. Useful formula is [14]

sin^2 θ_W = 1 4 − 3 8π α_{em} [( b̃_g − b̃_{g′} 3 ) log M_s M_c′ + ( b_g − b_g′ 3 ) log M_c′ M_Z ]

= 1 4 − 3 8π α_{em} [ B̃ log M^s M_c′ + B log M_c′ M_Z ] . From this formula, once we fix (M_s/M_c′ ) ≈ 100 or 16π^3 from naive dimensional analysis, following strong coupling assumption, we can determine M_c′ by putting beta function coefficients for different models. For (M_s/M_c′ ) = 100(16π^3), the unification scale is given as 70(190) TeV which is just two to three orders higher compared to the electroweak scale.

Model A-2v: two Higgs doublet SM with vectorlike embedding. The beta functions below the compactification scale are b_g = 3, b_g′ = −21/3 and B = 16/3. Above 1/R, b̃_g = (23/6, −1/6, −4) for gauge, Higgs and matters, respectively, and b̃_g′ = (0, −1/6, −20/3). Total sum is b̃_g = −(1/3), b̃_g′ = −(41/6) and B̃ = 35/18. Then we can determine the unification scale M_s and it is 80(210) TeV for M_s/M_c′ = 100(16π^3 ).

Model A-2c: two Higgs doublet SM with chiral embedding. This is the minimal model for Higgs configuration. From the minimality condition, leptons are at O_{GUT} and quarks are at A, then H_d should be in the bulk and H_u should be at A for the two Higgs doublet SM in which both Higgses play roles in giving fermion masses. Below 1/R, the beta function is the same as Model A-2v. Above 1/R, b̃_g = (23/6, −1/4, −4) for gauge, Higgs and matters, respectively, and b̃_g′ = (0, −1/4, −20/3). The sum is b̃_g = −5/12, b̃_g′ = −83/12 and B̃ = 17/9. The unification scale is then 80(220) TeV for M_s/M_c′ = 100(16π^3 ).

Model B-v: MSSM with vectorlike embedding. In this model both H_d and H_u are put in the bulk. Phenomenological constraint requires H_d from ¯6_H rather than 3_H to give correct charged lepton masses. However, the contribution of ¯6_H and 3_H to the beta function is the same. The reason is following. The members of the hypermultiplet ¯6_H = {H_D, H_T , H_S, Ĥ_S , Ĥ_T , Ĥ_D} are assigned the Z_2 × Z^′_2 parity as {(++), (+−), (+−), (−+), (−+), (−−)}. Likewise, for 3_H = {H_D, H_S, Ĥ_S , Ĥ_D}, the parity assignments are {(++), (+−), (−+), (−−)}. Since only the even modes with (++) and (−−) contribute to the logarithmic running, ¯6_H and 3_H give the same contribution to the beta function.

– 7 –

The running interval for the supersymmetric models can be divided into three parts. From M_Z to M_{SUSY}, the running is governed by SM. From M_{SUSY} to M_c′ , the running is that of the usual MSSM. From M_c′ to M_s, we follow the analysis given in [10]. Though M_{SUSY} can vary from M_Z to 1 TeV, we identify M_{SUSY} with M_Z for the simple analysis. Dependence of the unification scale on the detailed sparticle spectrum is quite strong and the result should be understood as a qualitative one with uncertainties from undertermined sparticle spectrum. The beta function coefficients are the following. Below 1/R, b_g = −1, b_g′ = −11 and B = 8/3. Above the compactification scale, b̃_g = (4, 0, −6) for gauge, Higgs and matters, respectively, and b̃_g′ = (0, 0, −10). The sum is b̃_g = −2, b̃_{g′} = −10 and B̃ = 4/3. The unification scale is determined to be 1.9(4.2) × 104 TeV for M_s/M_c′ = 100(16π^3). This unification scale becomes slightly lower if we change M_{SUSY} to 1 TeV from M_Z but is still highler compared to the non-supersymmetric models.

Model B-c (minimal model): MSSM with chiral embedding. In this model, H_d is put in the bulk and H_u is put at the fixed point A. From the minimality condition, leptons are at O_{GUT} and quarks are at A. H_d should couple at both fixed points in order to give mass to charged leptons and down-type quarks and H_u is necessary only at A. Therefore, Model B-c realizes the minimal configuration required by the phenomenological constraint. The running below 1/R is the same as Model B-v. Above the compactification scale, b̃_g = (4, 0, −13/2) for gauge, Higgs and matters, respectively, and b̃_g′ = (0, 0, −21/2). b̃_g = −5/2, b̃_{g′} = −21/2 and B̃ = 1. Now the unification scale is a little bit higher than the Model B-v, M_s = 3.4(9.2) × 10^4 TeV for M_s/M_c′ = 100(16π^3).

In the previous analysis, the threshold corrrections are neglected and the possible effects from non-universal brane kinetic terms at A are assumed to vanish. The suppression of the brane kinetic term is justified by the strong coupling assumption once the size of the extra dimension is larger than the Planck length (or string length l_s = 1/M_s).

3. Proton decay

Longevity of proton at this moment gives strong constraint on the models with low fundamental scale. Extremely many operators consistent with the symmetries of the theory should be forbidden in order to avoid rapid proton decay for low fundamental scale models. Though it is possible to forbid all these unwanted B violating operators by imposing discrete gauge symmetry, the geometric explanation for the suppression of B violating operators [23] is much simpler and nicer. Once the quarks and leptons are at different positions along the extra dimension, the B violating operators are forbidden by the locality of higherdimensional field theory. Non-local B violating terms are generated by non-perturbative or quantum gravitational effects at low energy but in the models considered above it is suppressed by the separated length as e^{−Ms/Mc′} ∼ e^{−100} ∼ 10^{−44} since quarks and leptons are maximally separated in the extra dimension. Exponential suppression of unwanted B violating operators is easily obtained once we separate quarks and leptons a few tens

– 8 – times the fundamental length scale. The minimality condition of SU(3)_W puts quarks at A and leptons at O_{GUT} and the proton decay is naturally avoided by the minimality condition.^3

4. Neutrino mass

In order to give mass to neutrinos, H_u also should act at O. Thus now we have to consider two bulk Higgses. However, L = λ M_∗ 3_L3_L¯3_{Hu} ¯3_{Hu} δ(y) = λ M_∗ LLH_uH_uδ(y) + · · · (4.1) gives too large masses to neutrinos unless M_∗ is extremely higher than the electroweak scale (∼ ⟨H_u⟩). By giving large kink mass we can make H_u almost localize at A and this explains the smallness of neutrino masses through the exponential suppresion of H_u wave function. The detailed realization for the H_u localization needs extra modification of the models. U(1)_Y cannot play an asymmetric localization since the hypercharge of H_u and H_d is exactly opposite and if H_u is localized at one fixed point and then H_d is localized at the other fixed point. Therefore, we should introduce anomalous U(1)_A under which H_u and H_d are asymmetrically charged. (For instance, only H_u is charged under U(1)_A.)

5. Fixed point anomaly cancellation

Since we deal with chiral models, it is necessary to justify how the cancellation of the local gauge anomaly at the orbifold fixed point is realized in detail.

Anomaly is an IR (infrared) property of the theory and is determined from the massless sector of the model in 4D. However, there can exist a local gauge anomaly spread along the extra dimension if we spread quarks and leptons at different fixed points even when the integrated anomaly cancels in the effective 4D theory. Therefore, it is necessary to check whether the fixed point gauge anomaly can be cancelled by writing down local counter terms.

Firstly, let us briefly review the result on the abelian gauge anomaly. For a 5D orbifold, the local gauge anomaly appears only at the fixed point and is equally distributed for an abelian gauge group. For U(1) gauge group with one unit-charged fermion in the bulk on an S^1/Z_2 orbifold, the local gauge anomaly is [8],

∂_M J^M (x, y) = 1 2 [δ(y) + δ(y − πR)] Q , (5.1)

3More precisely, leptons can be placed in the bulk and can have contact interations at A with quarks. Therefore, we should assume that matter chiral fields live only at fixed points. In this case, different locations of leptons and quarks are derived from the minimality condition. The presence of anomalous U(1) under which leptons are charged allows leptons to be localized at the fixed point via Fayet-Iliopoulos term. However, in this case the separation of leptons and quarks are not guaranteed.

– 9 – where J^M is the five-dimensional current and Q = 1 32π^2

F_{μν}F̃^{μν} (5.2)

is the four-dimensional chiral anomaly. Starting from a theory with bulk fermions, we can calculate the contributions of all the Kaluza-Klein modes to the anomaly and the answer is independent of the wave functions. The chiral fermion contribution localized at the fixed point is ∂_μJ^μ(x, y) = δ(y)Q , (5.3)

and the Chern-Simons term contribution is

∂_5J^5(x, y) = 1 2 [−δ(y) + δ(y − πR)] Q (5.4) from L_{CS} = − 1 128π^2 ϵ(y)ϵ_{MNP QR}A^M F^{NP} F^{QR} . (5.5) where ϵ(y) = ±1 for y > 0 and y < 0, respectively.

The above calculation can be extended to S^1/(Z_2 ×Z^′_2) [24]. Since the five-dimensional Dirac spinor has left- and right-handed spinors, ψ_L, ψ_R, from the 4D point of view, there are two possibilities for the parity assignment of the fermions,

Case (1) ψ_L: (+, +), ψ_R: (−, −) Case (2) ψ_L: (+, −), ψ_R: (−, +) For Case (1) with the parity (+, +) and (−, −), the anomaly calculation is the same as the previous result and the local gauge anomaly is

∂_M J^M (x, y) = 1 2 [ δ(y) + δ ( y − πR 2 )] Q . (5.6)

For the second case with (+, −) and (−, +), the flip of the parity under Z^′_2 can be represented by the twisting of the corresponding fields under the translation y → y + πR for the corresponding wave functions. Therefore, the answer is [24]

∂_M J^M (x, y) = 1 2 [ δ(y) − δ ( y − πR 2 )] Q . (5.7)

It is easy to see that this local gauge anomaly can be cancelled exactly by the bulk Chern-Simons term,

L_{CS} = − 1 128π^2 ϵ(y)ϵ_{MNP QR}A^M F^{NP} F^{QR} . (5.8) Now, it is quite straightforward to generalize the above review on the abelian gauge anomaly cancellation to the non-abelian case.

– 10 –

5.1 Non-abelian anomaly from bulk matters: unbroken case

When the gauge symmetry is not broken, the previous formula is valid. For instance, the anomaly for the fermion N of SU(N) with the parity (+, (−1)^{hi} ) and (−, −(−1)^{hi} )) is

D_M J^{Ma} = 1 2 [ δ(y) + (−1)^{hi} δ ( y − πR 2 )] Q^a , (5.9)

where Q^a = 1 32π^2 D^{abc}F^b_{μν}F̃^{cμν} , (5.10) and D^{abc} = 1 2 tr ({ T^a, T^b } T^c ) . (5.11)

If the fermion contains massless zero mode (h_i = 0), the anomaly appears at both fixed points with equal sign, and if it does not have massless zero mode (h_i = 1), the anomaly appears with opposite sign. This is a trivial generalization of the abelian result.

5.2 Non-abelian anomaly cancellation with Scherk-Schwarz breaking of gauge symmetry

However, the most interesting models involve the breaking of gauge symmetry with the parity. Then the symmetric fixed point O_{GUT} and the other fixed point A should be distinguised. For the bulk gauge group G, the Z^′_2 parity which does not commute with G break the gauge group to H = H_1 × H_2 × · · · × H_n. The anomaly at O_{GUT} is expressed G invariantly and is the same as the above. At A, the expression needs more information.

5.2.1 Bulk fermion contribution

Bulk fermions belonging to the fundamental representation of G is divided into fundamentals under H_i and have different parities under Z^′_2. Let the parity be (+, (−1)^{hi} ) and (−, −(−1)^{hi} ) for ψ_L and ψ_R. Then we can calculate the anomaly induced at A from the knowledge of abelian gauge anomaly just like the previous section except the fact that now Q is not the anomaly of entire bulk gauge group but is that of unbroken subgroup. Thus the general expression of the anomaly from the bulk matter is

D^M J^a_M = 1 2 δ(y)Q^a_O + 1 2 δ ( y − πR 2 ) ∑ i (−1)^{hi} Q^{ai}_{Ai}δ_{aai} , (5.12)

where Q^a_O = 1 32π^2 D^{abc}F^b_{μν}F̃^{cμν} , (5.13) and Q^{ai}_{Ai} = 1 32π^2 D^{aibici} F^{bi}_{μν}F̃^{ciμν} . (5.14) Here, a is the gauge index for unbroken group G and a_i is the gauge index of its subgroup H_i.

– 11 –

5.2.2 Chern-Simons contribution The bulk Chern-Simons term is

L_{CS} = − 1 128π^2 ϵ(y) tr ( AF^2 − 1 2 A^3F + 1 10 A^5 ) . (5.15)

The gauge transformation leaves a non-vanishing term at the boundary which can cancel the anomaly from the chiral fermions. The general expression of the anomaly from the Chern-Simons term is

D^M J^a_M = − 1 2 δ(y)Q^a_O + 1 2 δ ( y − πR 2 ) ∑ i Q^{ai}_{Ai}δ_{aai} , (5.16) where Q_O = 1 32π^2 D^{abc}F^b_{μν}F̃^{cμν} , (5.17) and Q_{Ai} = 1 32π^2 D^{aibici} F^{bi}_{μν}F̃^{ciμν} . (5.18) 5.2.3 Bulk fermion, Chern-Simons term, and brane fermion contributions If we add two contributions, the anomaly at O_{GUT} cancel with each other perfectly. The anomaly at A is D^M J^a_M = δ ( y − πR 2 ) ∑ i Q^{ai}_{Ai}δ_{aai} δ_{hi0} . (5.19) The contributions of bulk fermions with h_i = 1 and Chern-Simons term cancel while the contributions of those with h_i = 0 and CS term add up. This is the anomaly that can be cancelled exactly by putting incomplete multiplet associated to the zero mode which is (anti-)fundamental under H_i (or carries opposite charges compared to the zero mode from the bulk fermion). This clearly shows the cancellation mechanism of cubic gauge anomaly like YM-YM-YM, U(1)-YM-YM and U(1)^3.

5.3 U(1) gauge boson-graviton-graviton anomaly cancellation

In the previous sections, we studied the cubic anomaly cancellation of abelian and nonabelian gauge groups. In this subsection, the mixed anomaly for U(1) gauge boson-graviton-graviton is considered. For an abelian gauge group, U(1)-graviton-graviton anomaly cancellation is done in parallel to U(1)^3 anomaly cancellation. At each fixed point the anomaly is

∂_M J^M (x, y) = 1 2 [ δ(y) + δ ( y − πR 2 )] Q_G , (5.20)

where J^M is the five-dimensional current and

Q_G = 1 192π^2

R_{μν}R̃^{μν} (5.21)

is the gravitational anomaly. The chiral fermion localized at the fixed point gives

∂_μJ^μ(x, y) = δ(y)Q_G (5.22)

– 12 – and the Chern-Simons term gives

∂_5J^5(x, y) = 1 2 [ −δ(y) + δ ( y − πR 2 )] Q_G , (5.23)

where L_{CS} = − 1 768π^2 ϵ(y)ϵ_{MNP QR}A^M R^{NP} R^{QR} . (5.24) We obtain a similar conclusion for S^1/Z_2 × Z^′_2.

The apparent problem appears when a U(1) gauge group survives after the breaking of the bulk non-abelian gauge group. In this case, the gravitational mixed anomaly of U(1) is induced only at the fixed point A and should be cancelled by localized fields at A since the bulk has non-abelian gauge symmetry and does not allow a gravitational Chern-Simons term like A ∧ R ∧ R. To see how this works, let us consider the breaking of SU(M + N) to SU(M)× SU(N) × U(1) by Scherk-Schwarz mechanism at A. If the fundamental M + N of SU(M + N) is in the bulk has a parity assignment (+, −) and (−, +) for M_{aN} and (+, +) and (−, −) for N_{−aM} , there appears a U(1) gravitational mixed anomaly at A

∂_M J^M (x, y) = 1 2 [(−1)M × aN + N × (−aM)] δ ( y − πR 2 ) Q_G , (5.25)

where the subscript aN and −aM denote U(1) charge and we haven’t fixed the normalization of U(1) charge a. Since the U(1) is a subgroup of simple group, the sum of U(1) charges should vanish. Therefore the anomaly becomes ∂_M J^M (x, y) = N × (−aM)δ ( y − πR 2 ) Q_G , (5.26)

and is cancelled by the U(1)-graviton-graviton anomaly induced from N̄_{aM} localized at A. This result is very interesting since we cannot write down YM-gravity-gravity mixed Chern-Simons term A∧R ∧R due to Trace(A) = 0. The U(1) gravitational mixed anomaly should be cancelled without the aid of Chern-Simons term and this is the case indeed.

This is in accord with the absence of the Fayet-Iliopoulos term in the setup. N = 1 supersymmetry relates U(1) gravitational mixed anomaly from the fermions to the FI term from the bosons, and the absence of the anomaly guarantees the absence of quadratically divergent FI term at the fixed point. Therefore, the vanishing of FI term is natural and is protected from radiative corrections.

5.4 SU(5)

Even though we are studying the SU(3)_W model here, it is appropriate to see the cancellation of the anomalies for the chiral model [10] since we presented above the general mechanism for the fixed point anomaly cancellation. In the bulk there exists one 5 with parity (−, −, −, +, +) and one doublet 2 with opposite hypercharge is locate at A. H_d is the zero mode coming from 5 and is 2_{−1/2}. H_u located at A is 2_{1/2}. The cubic anomaly of SU(5) from 5 appears at O and should be cancelled by the Chern-Simons term. Then at A, the cubic anomaly of the subgroup SU(3)^3_C and U(1)^3_Y (and also the mixed anomaly

– 13 –

U(1)_Y -SU(3)_C -SU(3)_C from the triplet of 5 and the Chern-Simons term cancel with each other. The cubic anomaly SU(2)^3_L and U(1)^3_Y (and the mixed anomaly U(1)_Y -SU(2)_L- SU(2)_L) from the doublet of 5 is added with the one from the Chern-Simons term and is cancelled by the anomaly from the doublet living at A. The gravitational mixed anomaly of U(1) from 5 can appear at A as

∂_M J^M (x, y) = 1 2 [ (−1) × 3 × 1 3 + 2 × ( − 1 2 )] δ ( y − πR 2 ) Q_G = (−1)δ(y − πR)Q_G , (5.27)

where the first term is from 3_{1/3} and the second is from 2_{−1/2}. This is exactly cancelled by U(1)_Y -gravity-gravity anomaly from 2_{1/2} living at A.

5.5 SU(3)_W

The anomaly of Higgs sector cancels independently and quark-lepton sector cancels with appropriate Chern-Simons terms. In the previous discussions it was proven that once the 4D gauge anomaly cancel the 5D fixed point gauge anomaly can be cancelled with having appropriate Chern-Simions term for the Scherk-Schwarz breaking setup of gauge symmetry.

Considering T_8 = −Y/ √ 3, we find that the fixed point anomalies from leptons 3_l appear only at O_{GUT} and are cancelled by the 5D Chern-Simons term,

L_{CS} = − c_l 128π^2 ϵ(y) tr(A ∧ F ∧ F − · · ·) , (5.28) by choosing c_l = 2 (3c_l = 6 for three generations) since the anomaly from the fixed point localized matter is twice of that of bulk matter. This Chern-Simons term at the same time cancel the anomalies at A from quarks. Moreover, for the supersymmetric SU(3)_W case, the anomaly from the bulk Higgsino ¯6_H is the same as that of 3 and appear at O_{GUT} and A. The anomaly at O_{GUT} from ¯6_H is cancelled by the Chern-Simons term with c_H = 1, and the anomalies at A from ¯6_H and the Chern-Simons term are cancelled by the contribution from the Higgs doublet 2_{Hu} at A. Thus, if c = 3c_l + c_H is chosen to be 7, all the fixed point anomaly from quarks, leptons and Higgsinos disappear. For the model in which both Higgses are in the bulk, c = 3c_l = 6 is enough to cancel all the fixed point anomalies.

Gravitational mixed anomaly of U(1)_Y appears only at A. Quarks do not give the anomaly since ∑ Y_{qi} = 0. ¯6_H gives the anomaly at A as

∂_M J^M (x, y) = 1 2 [ (−1) × 1 × (−2) + 2 × ( − 1 2 ) + (−1) × 3 × 1 ] δ ( y − πR 2 ) Q_G = (−1)δ(y − πR)Q_G , (5.29)

where the first term is from 1_{−2} and the second is from 2_{−1/2} and the third term is from 3_1. Notice (−1) factors for the singlet and the triplet due to the parity assignment. This is just twice of the bulk doublet contribution and is exactly cancelled by U(1)_Y -gravity-gravity anomaly from 2_{1/2} living at A.

– 14 –

6. Conclusion

In this paper we examined the possibility of unification of electroweak gauge group into SU(3)_W with minimality condition. For the simplest setup, the tree level prediction is very close to the observed value and the unification is achieved near TeV. As a specific model, “natural” location of matters are assumed such that leptons are at O and quarks are at A. The minimal configuration requires H_d at both fixed points but H_u only at one fixed point A if we neglect neutrino masses. The setup can avoid proton decay and can explain the bottom-top mass ratio with order one tan β as a byproduct of the minimality condition. Neutrino masses are easily incorporated once we put H_u also in the bulk. Once kink mass of H_u is given, then H_u is almost localized at A and neutrinos acquire tiny mass even for a very low fundamental scale. The vectorlike and chiral models we considered in this paper are shown to be made free of anomalies even at the fixed points. From this experience, we conjecture that the orbifold compactification can be made sensible even at the fixed points by including an appropriate Chern-Simons term(axion coupling term with Dirac index density) in the bulk for odd(even) dimensions if the effective 4D gauge anomalies from the bulk and fixed points fermions cancel.

Acknowledgments

We would like to thank Kiwoon Choi for helpful discussions. JEK and HML are supported in part by the BK21 program of Ministry of Education, the KOSEF Sundo Grant, and by the Office of Research Affairs of Seoul National University.

References

[1] S. Dimopoulos and H. Georgi, Softly broken supersymmetry and SU(5), Nucl. Phys. B 193 (1981) 150;

N. Sakai, Naturalness in supersymmetric ’GUTs’, Z. Physik C 11 (1981) 153.

[2] S. Dimopoulos, S. Raby and F. Wilczek, Supersymmetry and the scale of unification, Phys.

Rev. D 24 (1981) 1681;

L.E. Ibáñez and G.G. Ross, Low-energy predictions in supersymmetric grand unified theories, Phys. Lett. B 105 (1981) 439.

[3] E. Gildener and S. Weinberg, Symmetry breaking and scalar bosons, Phys. Rev. D 13 (1976) 3333.

[4] N. Arkani-Hamed, S. Dimopoulos and G.R. Dvali, The hierarchy problem and new dimensions at a millimeter, Phys. Lett. B 429 (1998) 263 [hep-ph/9803315].

[5] K.R. Dienes, E. Dudas and T. Gherghetta, Extra spacetime dimensions and unification, Phys.

Lett. B 436 (1998) 55 [hep-ph/9803466]; Grand unification at intermediate mass scales through extra dimensions, Nucl. Phys. B 537 (1999) 47 [hep-ph/9806292];

[6] L.J. Dixon, J.A. Harvey, C. Vafa and E. Witten, Strings on orbifolds, Nucl. Phys. B 261 (1985) 678; Strings on orbifolds, 2, Nucl. Phys. B 274 (1986) 285.

[7] L.E. Ibáñez, H.P. Nilles and F. Quevedo, Orbifolds and Wilson lines, Phys. Lett. B 187 (1987) 25.

– 15 –

[8] N. Arkani-Hamed, A.G. Cohen and H. Georgi, Anomalies on orbifolds, Phys. Lett. B 516 (2001) 395 [hep-th/0103135];

C.G. Callan and J.A. Harvey, Anomalies and fermion zero modes on strings and domain walls, Nucl. Phys. B 250 (1985) 427.

[9] R. Barbieri, L.J. Hall and Y. Nomura, A constrained standard model from a compact extra dimension, Phys. Rev. D 63 (2001) 105007 [hep-ph/0011311].

[10] H.-D. Kim, J.E. Kim and H.M. Lee, Top-bottom mass hierarchy, s-μ puzzle and gauge coupling unification with split multiplets, Eur. Phys. J. C 24 (2002) 159 [hep-ph/0112094].

[11] S. Weinberg, Mixing angle in renormalizable theories of weak and electromagnetic interactions, Phys. Rev. D 5 (1972) 1962.

[12] S. Dimopoulos and D.E. Kaplan, The weak mixing angle from an SU(3) symmetry at a TeV, Phys. Lett. B 531 (2002) 127 [hep-ph/0201148].

[13] T.-j. Li and W. Liao, Weak mixing angle and the SU(3)_c × SU(3) model on M^4 × S^1/(Z_2 × Z^′_2), hep-ph/0202090.

[14] L.J. Hall and Y. Nomura, Unification of weak and hypercharge interactions at the tev scale, Phys. Lett. B 532 (2002) 111 [hep-ph/0202107].

[15] S. Dimopoulos, D.E. Kaplan and N. Weiner, Electroweak unification into a five-dimensional SU(3) at a TeV, Phys. Lett. B 534 (2002) 124 [hep-ph/0202136].

[16] S. Dimopoulos and D.E. Kaplan, A half-composite standard model at a TeV and sin^2 θ_W ,

hep-ph/0203001.

[17] A. Hebecker and J. March-Russell, A minimal S^1/(Z_2 × Z^′_2) orbifold GUT, Nucl. Phys. B 613 (2001) 3 [hep-ph/0106166].

[18] L.E. Ibáñez, J.E. Kim, H.P. Nilles and F. Quevedo, Orbifold compactifications with three families of SU(3) × SU(2) × U(1)^n, Phys. Lett. B 191 (1987) 282; L.E. Ibáñez, J. Mas, H.-P. Nilles and F. Quevedo, Heterotic strings in symmetric and asymmetric orbifold backgrounds, Nucl. Phys. B 301 (1988) 157; J.E. Kim, The strong CP problem in orbifold compactifications and an SU(3) × SU(2) × U(1)^n model, Phys. Lett. B 207 (1988) 434;

J.A. Casas and C. Muñoz, Three generation SU(3) × SU(2) × U(1)_Y models from orbifolds, Phys. Lett. B 214 (1988) 63;

J.E. Kim and H.P. Nilles, Gaugino condensation and the cosmological implications of the hidden sector, Phys. Lett. B 263 (1991) 79;

E.J. Chun, J.E. Kim and H.P. Nilles, A natural solution of the mu problem with a composite axion in the hidden sector, Nucl. Phys. B 370 (1992) 105.

[19] Y. Kawamura, Gauge symmetry reduction from the extra space S_1/Z_2, Prog. Theor. Phys.

103 (2000) 613 [hep-ph/9902423]; Triplet-doublet splitting, proton stability and extra dimension, Prog. Theor. Phys. 105 (2001) 999 [hep-ph/0012125]; Split multiplets, coupling unification and extra dimension, Prog. Theor. Phys. 105 (2001) 691 [hep-ph/0012352]; G. Altarelli and F. Feruglio, SU(5) grand unification in extra dimensions and proton decay, Phys. Lett. B 511 (2001) 257 [hep-ph/0102301].

[20] S.G. Nibbelink, H.P. Nilles and M. Olechowski, Spontaneous localization of bulk matter fields, Phys. Lett. B 536 (2002) 270 [hep-th/0203055].

[21] K. Choi, H.D. Kim and Y.W. Kim, in preparation.

– 16 –

[22] L.J. Hall and Y. Nomura, Gauge coupling unification from unified theories in higher dimensions, Phys. Rev. D 65 (2002) 125012 [hep-ph/0111068];

K.-W. Choi, H.D. Kim and Y.W. Kim, Gauge coupling renormalization in orbifold field theories, hep-ph/0202257.

[23] N. Arkani-Hamed and M. Schmaltz, Hierarchies without symmetries from extra dimensions, Phys. Rev. D 61 (2000) 033005 [hep-ph/9903417].

[24] C.A. Scrucca, M. Serone, L. Silvestrini and F. Zwirner, Anomalies in orbifold field theories, Phys. Lett. B 525 (2002) 169 [hep-th/0110073];

L. Pilo and A. Riotto, On anomalies in orbifold theories, hep-th/0202144; R. Barbieri, R. Contino, P. Creminelli, R. Rattazzi and C.A. Scrucca, Anomalies, Fayet-Iliopoulos terms and the consistency of orbifold field theories, hep-th/0203039.

– 17 –